Sol geometry is one of the eight homogeneous Thurston 3-geometries
but finitely many types, left to other publication. To this we shall study relations between Sol lattices and lattices of the pseudoeuclidean (or here rather called Minkowskian) plane [1] . Moreover, we introduce the notion of Sol parallelepiped to every lattice type. From our new results we emphasize Theorems 3-4-5-6.
In this paper we shall use the affine model of Sol space through affineprojective homogeneous coordinates [6] which gives a unified way of investigating and visualizing homogeneous spaces, in general.
On Sol geometry In this Section 1 we summarize the significant notions and notations of real Sol geometry (see [6] , [10] ).
Sol is defined as a 3-dimensional real Lie group with multiplication (a, b, c)(x, y, z) = (x + ae −z , y + be z , z + c).
(1.1)
We note that the conjugacy by (x, y, z) leaves invariant the plane (a, b, c) with fixed c: Moreover, for c = 0, the action of (x, y, z) is only by its z-component,where (x, y, z) −1 = (−xe z , −ye −z , −z). Thus the (a, b, 0) plane is distinguished as a base plane in Sol, or by other words, (x, y, 0) is normal subgroup of Sol. Sol multiplication can also be affinely (projectively) interpreted by "right translations" on its points as the following matrix formula shows, according to (1.1): 
3) by row-column multiplication. This defines "translations" L(R) = {(x, y, z) : x, y, z ∈ R} on the points of space Sol = {(a, b, c) : a, b, c ∈ R}. These translations are not commutative, in general. Here we can consider L as projective collineation group with right actions in homogeneous coordinates as usual in classical affine-projective geometry. We will use the Cartesian homogeneous coordinate simplex E 0 (e 0 ),E In this affine-projective context E. Molnár has derived in [6] the usual infinitezimal arc-length square at any point of Sol, by pull back translation, as follows (ds) 2 := e 2z (dx) 2 + e −2z (dy) 2 + (dz) 2 .
(1.4)
Hence we get infinitezimal Riemann metric invariant under translations, by the symmetric metric tensor field g on Sol by components as usual.
It will be important for us that the full isometry group Isom(Sol) has eight components, since the stabilizer of the origin is isomorphic to the dihedral group D 4 , generated by two involutive (involutory) transformations, preserving (1.4):
(1) y ↔ −y; (2) x ↔ y; z ↔ −z; i.e. first by 3 × 3 matrices : A general isometry of Sol to the origin O is defined by a product γ O τ X , first γ O of form (1.6) then τ X of (1.3). To a general point A(1, a, b, c), this will be a product τ
−1
A γ O τ X , mapping A into X(1, x, y, z). Conjugacy of translation τ by an above isometry γ, as τ γ = γ −1 τ γ also denotes it, will also be used by (1.3) and (1.6) or also by coordinates with above conventions.
We remark only that the role of x and y can be exchanged throughout the paper, but this leads to mirror interpretation of Sol. As formula (1.4) fixes the metric of Sol, the change above is not an isometry of a fixed Sol interpretation. Other conventions are also accepted and used in the literature.
Discrete subgroups of Isom(Sol)
Definition 1.1 Let Γ < L(R) be a subgroup, generated by three independent translations τ 1 (t 3 ) with non-commutative addition, or in this sense with Z (integer) linear combinations. Here the upper indices indicate the corresponding (e 1 , e 2 , e 3 ) coordinates of basis translations. Γ is called discrete translation group or lattice of Sol, if its action is discrete (by the induced orbit topology), i.e. there is a compact fundamental "parallelepiped" (with side face pairing or identifications of its "bent" side faces) F = Sol/Γ (Fig. 2) , representing a compact Sol manifold M.
More generally, we have Definition 1.2 Let G < Isom(Sol) be a subgroup of isometries of Sol, such that G has a compact fundamental domain M ∼ F G ∼ Sol/G with face pairing (face identifications) which represents the orbit space M of Sol under G.
As in the classical Euclidean geometry, we have the analogue of Bieberbach theorem also in Sol geometry, i.e. above G has a 3-dimensinal translation subgroup, i.e. a 3-lattice in Sol. In [10] P. SCOTT [10] indicated the proof of We have the more descriptive two theorems 2-3 for translation lattices: 
where
such that for τ 1 (t 
(The so-called "fundamental lattices", with above p = 0, s = N, q = 1, r = −1 (see [1] , [13] ), form a special class in this case.)
modulo by the invariant base plane lattice
In the above cases t
depends on the main parameter tr(Φ) = N = p + s > 2, introduced in Theorem 2.
Proof:
We consider three independent Sol translations, first in general form τ 1 (t
3 ) defined in (1.1) and (1.3). We take the commutator translation of τ 1 , τ 2 by (1.3).
(2.4) If e.g. t 2 ) = (0, 0), this is a non-zero translation in the base plane e 1 , e 2 . Thus, t 3 1 = 0 can be and will be assumed in the following. Similarly, the commutator [τ 1 , τ 3 ] lies also in the base plane, and is not trivial if t , τ 2 ) .
We take the second condition of discrete action of Γ, requirements τ
, 0) generate a plane lattice Γ 0 mapping the plane [x, y] onto itself (given by its orthonormal coordinate system (O, e 1 , e 2 ), see formula (1.4) and Fig. 1 ). The third basis translation τ 3 has the crutial component t 3 3 to the third e 3 direction. The coordinate plane (O, x, y) and the parallel planes ((O, x, y) (τ 3 ) k , k ∈ Z) produced by τ 3 , contain congruent integer lattices generated by τ 1 and τ 2 . These point lattices are denoted also by Γ kt 3 3 (k ∈ Z). We repeat for explanations the following formulas with computations: 
Thus we obtain our "discreteness conditions" (2.2) and (2.3) for the coordinates of translations τ 1 , τ 2 , τ 3 by equations (2.4), (2.5) and (2.6) .
Relations between parameters p, q, r, s and t 
can be expressed up to some freedom. Namely, we obtain 
e 2 provides by e
e 2 ( Fig. 1 )
with lattice parameters N, p, q to be discussed later at (2.11).
On Minkowskian plane lattices
If we ask for a Φ-invariant bilinear form or scalar product 
In the sense of K. ALPERS and E. QUAISSER [1] , with slight modification here, we are interested now in Sol lattices under the full isometry group of Sol by (1.5) and (1.6) where its commutative plane lattices Γ 0 (generated by τ 1 and τ 2 ) are regular, i.e. admit hyperbolic rotations different from the identity(see (2.10)). The regular affine lattice classes Γ 0 (Φ)(τ 1 , τ 2 ) in the Minkowskian plane can be given by Definition 3 and (2.9') in the orthonormal coordinate system {O, e
which fulfils the conditions:
1. p, q, r, s ∈ Z, are integers where
is called a (N, p, q) lattice for a given trace N = p + s.
Of course, such a (N, p, q) lattice with fixed N = p + s and its affine class by Definition 3 are classically determined up to an unimodular, i.e. SL 2 (Z) conjugacy since a lattice basis is mapped to a lattice basis by any affinity, then SL 2 (Z) conjugacy expresses any symmetry of Γ 0 . Thus by a basis change:
lattice, and we get finitely many affine lattice equivalence classes (whose number depends on the fixed N by the divisors of p(N − p) − 1 for possible q and r parameters, (2.12') as we shall see in the proof of Theorem 5 and in Theorem 6 (for N = 6).
Thus we obtain by the above discussions the following summary: , i.e. t 
(2.13)
By Definition 3 and by the above considerations, the affine equivalence classes of Sol lattices can be defined.
Remark 1.10
This definition admits infinite equivalence classes, depending on N > 2 at least, which can be expressed again by specified unimodular conjugacy, analogously as above. In Section 3 we shall introduce for a fixed N another algorithmic classification which leads to the so-called Bravais lattice types in Sol space. Each type, for a given N, shall have finitely many affine classes, according to (2.12), (2.12') left for an "elementary" geometric number theoretical study on N in the future.
Sol "parallelepipeds"
If we take integers as coefficients, then we generate the discrete group τ 1 , τ 2 , τ 3 denoted by Γ(Φ), as above in Theorem 2. We know that Sol/Γ(Φ) is a compact manifold, i.e. a Sol space form. Let F be a fundamental domain of Γ(Φ) with face identifications on its pairs of bent side faces (Fig. 2) . The homogeneous coordinates of vertices of F can be determined in our affine model by the translations in Definition 1 with the parameters t j i , i ∈ {1, 2, 3}, j ∈ {1, 2, 3} as follows for the cases I and II in Theorem 3 (see Fig. 2 ). The skew curves P P τ 3 , P ′ P ′τ 3 , QQ tau 3 are so-called translation curves (e.g. in [3] , [9] ), defined by a first order differential equation, expressing that any tangent of the curve can be obtained as translate of the initial tangent. Thus the bent side faces of F can explicitely computed and visualized. (2.14)
In Fig. 2 the case I is illustrated for parameters N = p + s = 3 and t
is a discrete orbit of point P in Sol space, generated by an arbitrary lattice Γ(Φ) above. For visualizing a point lattice we have chosen the origin as starting point, by homogeneity of Sol.
Bravais lattice types in Sol space
In Euclidean geometry and crystallography a Bravais point lattice, named to honor of Auguste BRAVAIS (1811-1863), is an infinite set of points generated by discrete "translation operations". The number of Bravais lattices (or lattice types) in threedimensional Euclidean space is well known to be 14 if, as usual, a lattice type is defined by its lattice isometry group up to affine (so unimodular by basis change) conjugacy.
Similarly to Euclidean geometry we introduce the notion of Bravais lattice type in Sol space, but now this will be coarser than affine (unimodular) conjugacy. Definition 2.1 Let the group of all isometries in Sol space, fixing the origin, be denoted by O Sol (see (1.5), (1.6)). Its subgroup is called a point group of Sol space, if the group leaves a lattice invariant. We consider an arbitrary point lattice That means, affine equivalent Sol lattices will be in the same Bravais type, but not vice-versa, in general (see in Theorem 6). Moreover, we allow that, depending on N, some Bravais types do not appear for N. That means, we also have essential differences in comparison with Euclidean geometry.
Theorem 2.3 The lattices, in main cases I and II by Theorem 3 for fixed N, can form 17 (seventeen) different Bravais types in Sol space.

Proof:
We classify the lattices, by their point groups in the following. The possible subgroups, of D 4 ∼ O Sol will be listed first by (1.5), we see conjugate subgroups by O Sol besides each other.
1. Group of order 1: Id, 2. Groups of order 2:
3. Groups of order 4:
4. The whole group of order 8:
By Theorem 3 Sol lattices form two main classes which will be refined by Definition 8 yielding the Bravais lattice types.
We have by [1] 
The symmetry group S(Γ(Φ)) of Γ(Φ)
in contradiction to discreteness.
Corollary 2.5 In main cases I and II the point group of a lattice does not admit reflections in the (y, z)
and (x, z) planes, respectively:
Else the lattice would contain isotropic translation in contradiction to Lemma 1.
Lemma 2.6 In case I:
The maximal point group of every lattice has the halfturn γ 2 about axis z. Thus we have the possibilities:
) and its z-sublattice Γ Oz into itself or into its inverse and the base lattice Γ 0 (Φ) will be invariant (Fig. 3-5 ). In case II: The possible maximal point groups are
leaving Γ 0 (Φ) and Γ(Φ) invariant.
Proof for case I:
The symmetry of lattice Γ(Φ) under C 2 is clear in this case. (Fig. 4.a) . Besides the first, centred base lattice before, τ (Fig . 4.a- 
Conjugacy by
Proof for case II: ) and e.g.
3 ), 2t This means in homogeneous coordinates that (0, 0, 1, 0), the ideal point of y-axis, is the limit if n → ∞; and (0, 1, 0, 0), the ideal point of x-axis, is the limit if n → −∞. At D r : for τ 3 we have by δ r -conjugacy That means, (τ δr 3 )τ 3 points neither in r-dirction, nor in r-direction, and it can be zero iff t At D 2 : besides δ r -conjugacy as at D r in formulas (3.5), here analogous δ rconjugacy, or rather preferred, γ 2 -conjugacy at C 2 also occurs:
At 3 )
That means (τ
3 )τ 3 is isotropic if t 3 , these will be excluded. We have no translation into z-direction. Furthermore, γ 2 -conjugacy of τ 3 also occurs, as formerly. Thus we have proved Lemma 2 with observations on lattice Γ(Φ), will be used later on.
For visualization only, we have indicated the Euclidean size of angles between the basis vectors τ 1 , τ 2 , τ 3 by α = (τ 2 , τ 3 )∠, β = (τ 3 , τ 1 )∠, γ = (τ 1 , τ 2 )∠ in Fig. 3-9 . In analogy to Euclidean geometry, Bravais types of Sol-lattices can be discussed and we have the following cases:
Lattice types in our main case I: t . This is the type of primitive monoclinic lattice (see Fig. 3 , in analogy to E 3 ).
• The point group is D 2 .
I/2:
Now, we consider that case, as before but τ δr 1 = τ 2 is chosen, i.e. , and e.g. t Translations in directions to symmetry axes r and r of x-and y-axes are guaranteed (see Fig. 4 .a, like a base centred orthorhombic lattice in E 3 ). ∈ Q, else isotropic translation would occur. But a new basis vector τ 2 can also be chosen in positive (x, y) domain. That means, we have obtained a primitive orthorhombic lattice (Fig. 4 .b, as an analogue to that in E 3 ).
• The point group is C 4 .
I/4:
Now, we consider that case where α = β = γ = 4 τ 1 γ 4 and τ 1 both point into the positive domain of (x, y)). This is a primitive "tetragonal" lattice in Euclidean sense (Fig. 5) . We exclude isotropic translation, i.e. ∈ Q (rationals). Furthermore, (2.9) implies now • The point group is trivial.
II/1:
This type has one affine class for fixed N the so-called primitive triclinic lattice. (see Fig. 6 , like in E 3 ). 3 ) −1 τ 3 ∈ Γ 0 (Φ), i.e. γ 2 τ 3 −1 γ 2 τ 3 = 2τ 3 , = τ 1 or τ 2 or τ 1 + τ 2 ) can be chosen for the projected translation of τ 3 into [x, y] plane) (Fig. 7, formulas (3.3) ). We have got an analogue of monoclinic single-side-face-centred lattice, i.e. we have one additional lattice point pair at the centres of some opposite side faces; or in a new parallelepiped (with new basis) if 2τ , 3 = τ 1 + τ 2 by usual convention (Fig. 7.a-b) . All these subcases are affinely equivalent, but not equivalent with the "primitive" case I/1 where a sublattice Γ Oz exists on z-axis. Here such a sublattice does not exist, since neither (τ
3 ), 2t • The point group is D r (Fig. 8 , formulas (3.5), see also details at D 2 as follows).
Thus the analogy to Euclidean centering is not exact in general.
i. Assume that t 3 ), 0) ∈ Γ 0 (Φ), not on r and r ( Fig. 8.a). i.a. II/3. Assume that t (Fig. 8.a) . Moreover, we know that e is on r (Fig. 8.b (Fig. 8.c) .
ii.d. II/6. Then comes ±t (Fig. 8.d) .
iii.e. II/7. Assume t (Fig. 8.f) .
We remark that at centred base lattice, formula (2.9) implies p = 0, q = 1 for given N. At primitive base lattice, (2.9) involve N = 2p, i.e. N is even. That means, for odd N such primitive Bravais types do not occur.
• The point group is D 2 , i.e. D r and C 2 both together.
Therefore we use Fig. 8 and formulas (3.5-6) . Besides criteria at D r , i.e. 6 possibilities in Fig. 8 , the additional C 2 assumption (3.6) has to be fulfilled. We have in more details the following equations: 3 );
.
(3.9)
hold for prmitive base lattice, α, β, γ, δ ∈ Z. From formulas (2.9), (2.13) come also
From (3.8), (3.10) it follows for centred base lattice Γ 0 that
From (3.9), (3.10) it follows for primitive base lattice Γ 0 that
iii. e. 
, where e
Hence β is integer, even β = 1 can be achived, but then γ = −2e 
, e.g., α = p+1, β = q, γ = 2p, δ = 2q, the primitive base lattice τ 1 (t
, realizes the Bravais type II/4. i.b whose point group is automatically D 2 and has a z-sublattice Γ Oz (Fig. 8.b) .
ii.c For ±t (xe
, with e
By eliminating x from the above equations
we get the simple relation for β, γ, δ N ∈ Z:
as a criterion for new Bravais type II/9. ii.c with point group D 2 and with x above (Fig. 8.c ). As we look at (3.11) we may have affinely non-equivalent lattices for even N (see Theorem 6) . At the same time we get realization of type II/5. ii.c for other x = t ii.d For ∓t can guarantee integers α and β, first. Indeed, we get the equivalence:
providing realization of type II/6. ii.d (Fig. 8.d ) with x above depending on t 1 3 /t 1 1 =: y yet. The additional assumptions of (3.9') for integers γ and δ are necessary for point group D 2 of our lattice Γ(Φ). These will fix the ratio y := t 1 3 /t 1 1 as follows in the sense of (3.12)
and so y = t 1 3 Fig. 8.d ) with lattice parameters y, x above. Again, we may have affinely non-equivalent lattices for given N in this type.
iii.e For t , with e 
We get the point group D 2 and Bravais type II/12. iii.f.
• The point group is C 4 (Fig. 9. formulas , (3.16) for ψ, χ ∈ Z by the C 2 -action (instead of γ −1 4 for simplicity). As before from (2.9) we have for the base lattice
q ;
(3.17) as a criterion, see also (3.7').
By eliminating x := t in (3.16), we have to proceed careful computations by (3.17) . We get first ǫ yq
Then, say φ = 0 can be assumed without lass of generality, since (t
3 ) can be taken mod τ 1 , τ 2 . Hence As a proof we sketchily give some corresponding lattices by τ 1 ∼ (t ⊲ Type I/1, point group C 2 , Primitive monoclinic lattice ( Fig. 3) with additional generator the halfturn γ 2 :
a. N = 6, p = 0, s = 6, q = 1, r = −1, ⊲ Type II/1, Id, Primitive triclinic lattice (Fig. 6) :
These lattices are affinely equivalent with point group Id.
⊲ Type II/2, C 2 , Monoclinic single-side-face-centred lattice (Fig. 7) :
, can be assumed for additional γ 2 -symmetry to these affinely equivalent (i.e. unimodularly equivalent, see at type I/1) lattices, i.e. (τ
⊲ Type II/3. i.a., D r , Base-centred with Γ Oz lattice ( Fig. 8.a) : Of course, these are in both cases with convenient x, y, respectively, by (3.13). 
Closing remarks:
The above classification of Sol-lattices into Bravais types may open certain investigations in discrete geometry (see e.g. [13] ) and topology (see [5] ). The number theoretical problems for finer affine classification, sketched in this paper, will be left for future works.
Our next intention is to find a compact Sol manifold with 2-generator fundamental group, different from one generated by 2 translations τ 1 and τ 3 above.
